On a sphere that passes through n lattice points  by Maehara, H.
European Journal of Combinatorics 31 (2010) 617–621
Contents lists available at ScienceDirect
European Journal of Combinatorics
journal homepage: www.elsevier.com/locate/ejc
On a sphere that passes through n lattice points
H. Maehara
College of Education, Ryukyu University, Okinawa, Japan
a r t i c l e i n f o
Article history:
Available online 9 May 2009
a b s t r a c t
We prove that for every n > d ≥ m ≥ 2, there is a sphere in Rd
that passes through exactly n lattice points, and moreover these n
lattice points span anm-dimensional flat.
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1. Introduction
In 1957, Steinhaus posed the problem that asks whether there is a circle in the plane that encloses
a given number of lattice points. This problem also appears in [6]. Sierpinski solved this problem by
observing that the distances from the point (
√
2, 13 ) to the points of Z
2 are all different. Schoenberg
[4,5] generalized Sierpinski’s observation to Qd case.
As a variation of Steinhaus’ problem, Maehara and Matsumoto [2] considered whether there is a
circle in the plane that passes through a given number of lattice points. They showed that the circle
(2x−1)2+(2y)2 = 5k passes through exactly 2k+2 lattice points, and the circle (4x−1)2+(4y)2 = 52k
passes through exactly 2k+ 1 lattice points. More generally, the following holds.
Let k ≥ 0 be an integer and p be a prime such that p ≡ 1 (mod 4), pk ≡ 1 (mod 8). Then the circle
defined by (4x− 1)2 + (4y)2 = pk passes through exactly k+ 1 lattice points (Lemma 3).
There is also a sphere in R3 that passes through a given number of lattice points. For example, the
sphere (4x− 1)2 + (4y)2 + (4z −√2)2 = pk + 2 passes through exactly k+ 1 lattice points. In this
case, however, the k+ 1 lattice points lie on the plane z = 0. Then, is there a sphere in R3 that passes
through a given number of lattice points not all lying on a plane?We answer this question by showing
the following result.
For every n > d ≥ m ≥ 2, there is a sphere in Rd that passes through exactly n lattice points, and
moreover, the n lattice points span an m-dimensional flat (Theorem 3).
As a consequence, it follows that for every positive integer d, there is a d-simplex in Rd whose
vertices are all lattice points, and whose circumscribed sphere passes through no lattice points other
than the vertices of the simplex.
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2. Some lemmas
Lemma 1 (Fermat’s Two-Square Theorem). Every prime p ≡ 1 (mod 4) can be written as a sum of two
squares: p = a2 + b2 (a, b ∈ Z). 
For a proof, see e.g., Niven and Zuckerman [3]. Zagier [7] presents a one-sentence proof of this
result; see also Aigner and Ziegler [1], Chapter 4.
Lemma 2. For every prime p ≡ 1 (mod 4), the equation X2 + Y 2 = pk has exactly 4(k + 1) integral
solutions (X, Y ).
Proof. Instead of the number of integral solutions (X, Y ) of the equation X2 + Y 2 = pk, let us count
the number of Gaussian integers w = X + Y√−1 ∈ Z [√−1] such that ww¯ = pk. (Recall that
Z
[√−1] is a unique factorization domain.) Since p can be written as p = a2+ b2 (a, b ∈ Z), we have
a prime factorization p = (a + b√−1)(a − b√−1). Since ww¯ = pk, we have (a + b√−1) | w or
(a+ b√−1) | w¯. Since (a+ b√−1) | w¯ implies that (a− b√−1) | w, it follows that
w = u
(
a+ b√−1
)s (
a− b√−1
)k−s
where u is a unit (that is, u = ±1 or±√−1) and 0 ≤ s ≤ k. Therefore the number of w ∈ Z [√−1]
that satisfiesww¯ = pk is equal to 4(k+ 1). 
Lemma 3. Let p ≡ 1 (mod 4) be a prime such that pk ≡ 1 (mod 8). Then the equation (4x − 1)2 +
(4y)2 = pk has exactly k+ 1 integral solutions (x, y).
Proof. Since pk ≡ 1 (mod 8), the equality X2+Y 2 = pk (X, Y ∈ Z) implies that X2+Y 2 ≡ 1 (mod 8),
and hence{
X ≡ 1, 3, 5, 7; Y ≡ 0, 4 (mod 8) or
X ≡ 0, 4; Y ≡ 1, 3, 5, 7 (mod 8).
Therefore, X2 + Y 2 = pk implies that{
X ≡ ±1, Y ≡ 0 (mod 4) or
X ≡ 0, Y ≡ ±1 (mod 4).
The number of integral solutions of (4x−1)2+ (4y)2 = pk is equal to the number of (X, Y ) ∈ Z2 such
that
X2 + Y 2 = pk, X ≡ −1 (mod 4).
In every four integral solutions
(±A, B), (B,±A) (where B ≡ 0 mod 4)
of X2 + Y 2 = pk, just one satisfies X ≡ −1 (mod 4). Therefore, exactly a quarter of the integral
solutions of X2 + Y 2 = pk satisfy X ≡ −1 (mod 4). Thus, the number of integral solutions of
(4x− 1)2 + (4y)2 = pk is equal to 4(k+ 1)/4 = k+ 1. 
Lemma 4. Let M1,M2, . . . ,Ms be s different primes, and a1, a2, . . . , as be integers. Then, the sum
∑
i
ai
Mi
is an integer if and only if all aiMi are integers.
Proof. Suppose that
∑
i
ai
Mi
= k, an integer. Then
a1M2M3 . . .Ms + a2M1M3 . . .Ms + · · · + asM1M2 . . .Ms−1 = kM1M2 . . .Ms.
Since the terms other than a1M2M3 . . .Ms in the left-hand side are divisible byM1 andM1,M2, . . . ,Ms
are different primes, it follows thatM1 | a1. Similarly we haveMi | ai. 
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We recall here a theorem due to Dirichlet. If integers a, b > 0 are relatively prime, then the
arithmetic progression a, a + b, a + 2b, a + 3b, . . . contains infinitely many primes. Thus, there are
infinitely many primes p satisfying that p ≡ 1 (mod 8).
3. 3D case
Theorem 1. For every pair of integers k ≥ 1, ` ≥ 0, there is a sphere Σ in R3 such that (1) exactly
k + ` + 2 lattice points lie on the sphere Σ , and (2) k + 1 of these points lie on a plane H, while the
remaining `+ 1 points lie on another plane parallel to H.
Proof. Let p, q,M be primes such that q` < pk < M , and
p ≡ q ≡ 1 (mod 4), pk ≡ q` ≡ 1 (mod 8).
Let
ft(x, y, z) = (4x− 1)2 + (4y)2 + (4z − t)2 − (pk + t2).
Then, by Lemma 3, the equation ft(x, y, 0) = 0 has k+ 1 integral solutions for any t . Define a rational
τ by pk + τ 2 − (4M − τ)2 = q`, that is,
τ = 2M + q
` − pk
8M
.
Let us show that the equation fτ (x, y, z) = 0 has exactly k+ `+ 2 integral solutions. Since
fτ (x, y,M) = (4x− 1)2 + (4y)2 + (4M − τ)2 − (pk + τ 2)
= (4x− 1)2 + (4y)2 − q`,
the equation fτ (x, y,M) = 0 has exactly `+ 1 integral solutions by Lemma 3. Suppose that (x, y, j) is
an integral solution of fτ (x, y, z) = 0. Then,
(4x− 1)2 + (4y)2 = pk + τ 2 − (4j− τ)2 = pk − 16j2 + 8jτ
= pk − 16j2 + 16jM + j(q
` − pk)
M
.
Since this must be an integer and |q` − pk| < M , we have j = sM for some integer s. Then
(4x− 1)2 + (4y)2 = pk − 16M2(s2 − s)+ s(q` − pk).
Since the left-hand side is positive, we have s = 0 or s = 1, that is, j = 0 or j = M . Therefore
fτ (x, y, z) = 0 has exactly k+ `+ 2 integral solutions.
LetΣ be the sphere in R3 defined by fτ (x, y, z) = 0. Then,Σ passes through exactly n = k+ `+ 2
lattice points, and k + 1 of them lie on the plane z = 0 and the other ` + 1 points lie on the plane
z = M . 
Corollary 1. For any n > 3, there is a sphere inR3 that passes through exactly n lattice points not all lying
on a plane. 
A set of points in R3 are said to be in general position if no three of them are collinear, and no four
of them are coplanar.
Open problem. Is there a sphere in R3 that passes through a given number of lattice points in general
position?
4. General case
Theorem 2. For every n > d ≥ 2, there is a sphere in Rd that passes through exactly n lattice points, and
moreover, the n lattice points span d dimensions.
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Proof. The cases d = 2, 3 follow from Lemma 3 and Corollary 1. So, we suppose d ≥ 4. To make our
arguments clear, let us show the case d = 5. Let k0, k1, k2, k3 be non-negative integers, k0 ≥ 2. Let
p0, p1, p2, p3,M1,M2,M3 be distinct primes such that p0 ≡ p1 ≡ p2 ≡ p3 ≡ 1 (mod 8) and
pk11 + pk22 + pk33 < pk00 < M1 < M2 < M3.
For i = 1, 2, 3, let
τi = 2Mi + p
ki
i − pk00
8Mi
.
Let us denote the coordinates of a point in R5 by (x, y, z1, z2, z3), and letΣ be the sphere defined by
(4x− 1)2 + (4y)2 + (4z1 − τ1)2 + (4z2 − τ2)2 + (4z3 − τ3)2 = pk00 + τ 21 + τ 22 + τ 23 .
Suppose that (x, y, j1, j2, j3) is a lattice point on the sphereΣ . Then
(4x− 1)2 + (4y)2 = pk00 +
3∑
i=1
τ 2i −
3∑
i=1
(4ji − τi)2
= pk00 −
3∑
i=1
(16j2i − 8jiτi)
= pk00 − 16
3∑
i=1
(j2i − jiMi)+
3∑
i=1
ji(p
ki
i − pk00 )
Mi
.
Since this must be an integer, ji = siMi for some si ∈ Z, by Lemma 4. Then,
(4x− 1)2 + (4y)2 = pk00 − 16
3∑
i=1
M2i (s
2
i − si)+
3∑
i=1
si(p
ki
i − pk00 ).
Since this must be positive, we have si = 0 or si = 1 for every i. Then,
(4x− 1)2 + (4y)2 = pk00 +
3∑
i=1
si(p
ki
i − pk00 )
= pk00 + s1pk11 + s2pk22 + s3pk33 − (s1 + s2 + s3)pk00
< 2pk00 − (s1 + s2 + s3)pk00 .
Therefore, s1 + s2 + s3 ≤ 1, and the possible values of (s1, s2, s3) are
(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1).
Corresponding to these values, we have the equations
(4x− 1)2 + (4y)2 = pkii , i = 0, 1, 2, 3,
respectively, and each of them has ki + 1 integral solutions. Therefore, the sphere Σ passes through
exactly k0 + k1 + k2 + k3 + 4 lattice points.
Since n > d = 5, we can choose kis so that k0 + k1 + k2 + k3 + 4 = n and k0 ≥ 2. Then, there
are at least three lattice points of the form (∗, ∗, 0, 0, 0) onΣ . Since any three lattice points lying on
a sphere are non-collinear, any d+ 1 distinct lattice points onΣ of the forms
(∗, ∗, 0, 0, 0)
(∗, ∗, 0, 0, 0)
(∗, ∗, 0, 0, 0)
(∗, ∗, M1, 0, 0)
(∗, ∗, 0, M2, 0)
(∗, ∗, 0, 0, M3)
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are affinely independent. Therefore, the n lattice points span d dimensions. 
By letting n = d+ 1 in Theorem 2, we have the following.
Corollary 2. For every d ≥ 2, there is a d-dimensional simplex ∆d in Rd whose vertices are all lattice
points, and whose circumscribed sphere passes through no lattice points other than the vertices of ∆d. 
Theorem 3. For every n > d ≥ m ≥ 2, there is a sphere inRd that passes through exactly n lattice points,
and moreover, the n lattice points span an m-dimensional flat.
Proof. If d = m, then the theorem follows from Theorem 2. So, we suppose that d > m. We denote
the coordinates of a point of Rd, d ≥ 3, by (x, y, z1, z2, . . . , zd−2).
By Theorem 2, there is a sphere in Rm with equation
(4x− 1)2 + (4y)2 +
m−2∑
i=1
(4zi − τi)2 = pk00 +
m−2∑
i=1
τ 2i
that passes through exactly n lattice points, and the n points span m dimensions. Let λ1, . . . , λd−m
be irrational numbers such that 1, λ1, . . . , λd−m are linearly independent over the rationals Q, and
consider the sphere in Rd defined by
(4x− 1)2 + (4y)2 +
m−2∑
i=1
(4zi − τi)2 +
d−m∑
i=1
(4zm−2+i − λi)2 = pk00 +
m−2∑
i=1
τ 2i +
d−m∑
i=1
λ2i .
Since 1, λ1, . . . , λd−m are linearly independent overQ, it follows that every lattice point on this sphere
must have the coordinates of the form
(∗, ∗, . . . , ∗︸ ︷︷ ︸
m
, 0, 0, . . . , 0︸ ︷︷ ︸
d−m
).
Therefore, the sphere passes through exactly n lattice points, and the n lattice points span an m-
dimensional flat. 
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